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Abstract
In this paper, we study the long-time behavior of solutions for the parabolic equation with non-
linear Laplacian principal part in Rn. We prove the existence of a global (L2(Rn), L∞(Rn))-attractor
when n p and the existence of a global (L2(Rn), Lnp/(n−p)(Rn))-attractor when n > p.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The subject of investigation of this paper is the existence of a global attractor for the
following initial-value problem:
ut −
n∑
i=1
∂
∂xi
(|uxi |p−2uxi )+ λ|u|p−2u + f (x,u) = g(x), (t, x) ∈ R+ × Rn, (1)
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where p > 2, λ > 0, g(·) ∈ Lq0(Rn),
q0 ∈


[ np
np−n+p ,p
′], n > p,
(1,p′], n = p,
[1,p′], n < p,
(
1
p′
+ 1
p
= 1
)
and f (·,·) satisfies the following conditions:
f (·,·) ∈ C1(Rn+1), f (·,0) = 0, f ′u(x,u) k(x), ∀(x,u) ∈ Rn+1, (3)∣∣f ′u(x,u)∣∣ c(∣∣k(x)∣∣+ |u|p−2 + |u|r),
r  p − 2, (n − p)r  n(p − 2) + 2p, (4)
for some k(·) ∈ L∞(Rn) ∩ Lp/(p−2)(Rn).
The existence of a global attractor for Eq. (1) in a bounded domain, when λ = 0, g(·) ≡ 0
and f = ku, was studied in [1, p. 158]. Attractors in bounded domains for degenerate
parabolic equations with p-Laplacian and for porous medium type equations were investi-
gated in [2–7] and the references therein. In bounded domains, the asymptotic compactness
of the solutions—which plays an important role for the existence of a global attractor—
follows from the compactness of the Sobolev embeddings. This method cannot be applied
to unbounded domains, since in that case the embeddings are no longer compact.
In [8–10] global attractors for abstract evolution equations with monotone principal part
were studied. The results of these articles are also well applicable to bounded domains,
because either compact embeddings of spaces or the compactness of the semigroup was
assumed in the said articles.
The existence of global attractors for nondegenerate parabolic equations in unbounded
domains was investigated in [11,12] and has been established in weighted spaces. Later,
these results were extended for degenerate parabolic equations in unbounded domains (see,
for example, [13,14]). However, when studying in weighted spaces the initial data and
forcing term are usually assumed to be in corresponding weighted spaces. The idea of
using weights to prove the existence of global attractors in unbounded domains is also
used in [15] for nondegenerate parabolic equations. Some authors on the other hand, have
preferred studying attractors in spaces of bounded continuous functions (see, for example,
[16,17]).
The existence of the global attractor in L2(Rn) for single nondegenerate reaction dif-
fusion equation with forcing term from L2(Rn) was—to our knowledge—first proved in
[18]. In that article the author used a suitable cut-off function for the proof (see also [19]).
In this paper, using a similar idea, we will show that the solutions of (1)–(2) are uni-
formly small at infinity for large time. This fact plays a key role in our result.
The paper is organized as follows: In Section 2, we derive some estimates and prove
some lemmas which will be used for the proof of the asymptotic compactness. In Section 3,
we present the proof of the asymptotic compactness and then establish our main result
(Theorem 2).
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We denote the norms in W 1p(Rn) and Lp(Rn) by ‖ · ‖1,p and ‖ · ‖p , respectively, and
the inner product in L2(Rn) by 〈,〉. We also define the operator
Aϕ = −
n∑
i=1
∂
∂xi
(|ϕxi |p−2ϕxi )+ λ|ϕ|p−2ϕ + f (x,ϕ) − k(x)ϕ + g
acting from Lp(0, T ;W 1p(Rn)) to Lp′(0, T ;W−1p′ (Rn)). Then we can reduce problem(1)–(2) to the problem:
ut + Au + ku = 0, u(0) = u0. (5)
It is easy to verify that A is bounded, hemicontinuous, monotone, and A + kI is a
pseudomonotone operator from Lp(0, T ;W 1p(Rn)) to Lp′(0, T ;W−1p′ (Rn)). Since
W 1p
(
Rn
)∩ W−1
p′
(
Rn
)⊂ L2(Rn)⊂ W 1p(Rn)+ W−1p′ (Rn),
for u0 ∈ L2(Rn) there exist w(·) ∈ Lp(0, T ;W 1p(Rn) ∩ W−1p′ (Rn)), wt(·) ∈ Lp′(0, T ;
W 1p(R
n) + W−1
p′ (R
n)) such that w(0) = u0. Let wt(t) = w1(t) + w2(t), where w1(·) ∈
Lp′(0, T ;W 1p(Rn)) and w2(·) ∈ Lp′(0, T ;W−1p′ (Rn)). Defining v(·) = w(t)−
∫ t
0 w1(τ ) dτ ,
we obtain that v(·) ∈ Lp(0, T ;W 1p(Rn), vt (·) ∈ Lp′(0, T ;W−1p′ (Rn)) and v(0) = u0. Thus
for every u0 ∈ L2(Rn) the problem (5) or (1)–(2) under condition (3)–(4) has a unique
solution u ∈ L∞(0, T ;L2(Rn)) ∩ Lp(0, T ;W 1p(Rn)), ut ∈ Lp′(0, T ;W−1p′ (Rn)) (see, for
example, [20, Theorem 7.1, p. 232]), which satisfies the following equality:
1
2
∥∥u(t)∥∥22 +
t∫
s
[
n∑
i=1
∥∥uxi (τ )∥∥pp + λ∥∥u(τ)∥∥pp +
∫
Rn
(
f
(
x,u(τ)
)− g)u(τ) dx
]
dτ
= 1
2
∥∥u(s)∥∥22, ∀t  s  0, (6)
and for every u0 ∈ W 1p(Rn) the problem (1)–(2) under condition (3)–(4) has a unique
solution u ∈ L∞(0, T ;W 1p(Rn)), ut ∈ L2(0, T ;L2(Rn)), which satisfies the following in-
equality:
1
p
n∑
i=1
∥∥uxi (t)∥∥pp + λp
∥∥u(t)∥∥p
p
+
∫
Rn
(
F
(
x,u(t)
)− gu(t))dx +
t∫
s
∥∥ut (τ )∥∥22 dτ
 1
p
n∑
i=1
∥∥uxi (s)∥∥pp + λp
∥∥u(s)∥∥p
p
+
∫
Rn
(
F
(
x,u(s)
)− gu(s))dx, ∀t  s  0, (7)
where F(x,u) = ∫ u0 f (x, v) dv. Taking into account (3)–(4) from (6)–(7), we obtain that∥∥u(t)∥∥1,p  1 c(∥∥u(s)∥∥2)+R0, ∀t > s  0, (8)t − s
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and g. Formally differentiating (1) with respect to t , then multiplying by ut and integrating
over (0, t) × Rn, we have
1
2
‖ut (t)‖22 + (p − 1)
n∑
i=1
t∫
s
∫
Rn
|uxi |p−2u2txi dx dτ + λ(p − 1)
t∫
s
∫
Rn
|u|p−2u2t dx dτ
+
t∫
s
∫
Rn
f ′u(x,u)u2t dx dτ 
1
2
∥∥ut (s)∥∥22, a.e. t  s > 0, (9)
which together with (7) yields
∥∥ut (t)∥∥2 
(
1 + 1
t − s
)
c
(∥∥u(s)∥∥1,p), a.e. t > s  0. (10)
So from (6)–(7) we obtain that the solution operator S(t)u0 = u(t), t ∈ R+, of the
problem (1)–(2) generates a semigroup on the spaces L2(Rn) and W 1p(Rn), which satisfies
the following properties:
(I) S(t) :L2(Rn) → L2(Rn) for every t  0 (S(t) :W 1p(Rn) → W 1p(Rn) for every t  0)
and S(t) :L2(Rn) → W 1p(Rn) for every t > 0; S(0)v = v for every v ∈ L2(Rn) or
v ∈ W 1p(Rn).
(II) S(t + s) = S(t)S(s) for t  0, s  0.
(III) S(t)v → S(t0)v weakly in L2(Rn) ∩ W 1p(Rn) (in W 1p(Rn)) as t → t0 for every v ∈
L2(Rn) (v ∈ W 1p(Rn)).
Let B = {x: x ∈ W 1p(Rn), ‖x‖1,p  R0 + 1}. Then the following lemma follows
from (8).
Lemma 1. Let us assume the conditions (3)–(4) are satisfied and B is a bounded subset of
L2(Rn). Then there exists t0 = t0(B) such that S(t)B ⊂B for every t  t0.
Definition. A set A⊂ W 1p(Rn) is called a global (L2(Rn), Lq(Rn))-attractor of the semi-
group S(t), if it has the following properties:
(1) A is compact in Lq(Rn) and is bounded in W 1p(Rn).
(2) S(t)A=A for every t  0.
(3) limt→+∞ supv∈B infu∈A ‖S(t)v − u‖q = 0 for every bounded subset B of L2(Rn).
To prove the asymptotic compactness of solutions, we will need the following lemma.
Lemma 2. Let us assume that conditions (3)–(4) are satisfied. If um0 → u0 weakly in
W 1p(R
n) as m → ∞, then
S(t)um → S(t)u0 ∗-weakly in L∞
(
0, T ;W 1p
(
Rn
))
,0
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∂t
S(t)um0 →
∂
∂t
S(t)u0 weakly in L2
(
0, T ;L2
(
Rn
))
,
S(t)um0 → S(t)u0 weakly in W 1p
(
Rn
) for every t  0.
Proof. Let um(t) = S(t)um0 and u(t) = S(t)u0. Since um0 → u0 weakly in W 1p(Rn), the
sequence {um0 } is bounded in W 1p(Rn). Thus from (3), (4), and (7), the sequences {um(t)}
and { ∂
∂t
um(t)} are bounded in L∞(0, T ;W 1p(Rn)) and in L2(0, T ;L2(Rn)), respectively.
Consequently, there is a subsequence {mk} such that

umk (t) → v(t) ∗-weakly in L∞(0, T ;W 1p(Rn)),
∂
∂t
umk (t) → ∂∂t v(t) weakly in L2(0, T ;L2(Rn)),
Aumk (t) → χ(t) weakly in Lp′(0, T ;W−1p′ (Rn)) ∩ L2(0, T ;L2(Rn)).
(11)
Let us show that Av = χ . Let ϕ(·) ∈ C∞(Rn) be such that 0 ϕ(x) 1 and
ϕ(x) =
{
0, |x| 2,
1, |x| 1,
furthermore define ϕr(x) = ϕ(xr ). Then from (11)1–(11)2 we have
ϕrumk (t) → ϕrv(t) strongly in L2
(
0, T ;L2
(
Rn
))
. (12)
Thus from (11)–(12) we obtain
lim
k→∞
T∫
0
〈
Aumk (t) − Av(t), ϕrumk (t) − ϕrv(t)
〉
dt
= lim
k→∞
T∫
0
〈
Aumk(t), ϕrumk (t)
〉
dt −
T∫
0
〈
χ(t), ϕrv(t)
〉
dt
= lim
k→∞
T∫
0
〈
Aumk(t) − χ(t), ϕrumk (t) − ϕrv(t)
〉
dt = 0. (13)
On the other hand, since
T∫
0
〈
Aumk(t) − Av(t), ϕrumk (t) − ϕrv(t)
〉
dt
 c
T∫
0
∥∥ϕ1/pr (umk (t) − v(t))∥∥p1,p dt
+
n∑
i=1
T∫ 〈∣∣∣∣ ∂∂xi umk
∣∣∣∣
p−2
∂
∂xi
umk −
∣∣∣∣ ∂∂xi v
∣∣∣∣
p−2
∂
∂xi
v,
(
umk (t) − v(t)
) ∂
∂xi
ϕr
〉
dt,0
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umk (t) → v(t) strongly in Lp
(
0, T ;W 1p
(
B(0, r)
))
and consequently
Aumk(t) → Av(t) strongly in Lp′
(
0, T ;W−1
p′
(
B(0, r)
))
, (14)
where B(0, r) = {x: x ∈ Rn, |x| r}. Since r is an arbitrary positive number, (11)3 and
(14) yield Av(t) = χ(t). Therefore passing to the limit and taking into account (11), we
have
vt + Av + kv = 0, v(0) = u0
and by the uniqueness of solutions, we find u(t) = v(t). This shows that any subsequence
of {S(t)um0 } has a ∗-weakly convergent subsequence in L∞(0, T ;W 1p(Rn)) and the limit
of any such subsequence is equal to S(t)u0. Therefore, the sequence {S(t)um0 } ∗-weakly
converges to S(t)u0 in L∞(0, T ;W 1p(Rn)) and the sequence { ∂∂t S(t)um0 } weakly converges
to { ∂
∂t
S(t)u0} in L2(0, T ;L2(Rn)), which yield that S(t)um0 → S(t)u0 weakly in L2(Rn)+
W 1p(R
n) for every t ∈ [0, T ]. On the other hand, according to (7), for every t ∈ [0, T ] the
sequence {S(t)um0 } is bounded in W 1p(Rn). Thus we obtain S(t)um0 → S(t)u0 weakly in
W 1p(R
n) for every t ∈ [0, T ]. 
3. Asymptotic compactness and a global attractor
In this section, we shall show the asymptotic compactness of solutions and then estab-
lish existence of a global attractor. To this end, we first prove the following lemmas.
Lemma 3. Assume the conditions (3)–(4) are satisfied, and B is a bounded subset of
W 1p(R
n). If {θm} is a sequence in B weakly converging to θ in W 1p(Rn), then for any
ε > 0 and T > 0 there exists a T0 = T0(ε, T ,B) such that whenever t  T0,
lim sup
m→∞
∥∥S(t + T )θm − S(t)θm − S(t + T )θ − S(t)θ∥∥2  ε. (15)
Proof. Let v ∈ W 1p(Rn). From (7) we have
t∫
0
∥∥S(τ + T )v − S(τ)v∥∥22 dτ  T 2
t∫
0
1∫
0
∥∥∥∥ ∂∂t S(τ + ξT )v
∥∥∥∥
2
2
dξ dτ
 T 2c
(‖v‖1,p). (16)
From (5) we obtain
1
2
∥∥S(t + T )v − S(t)v∥∥22 +
t∫ 〈
AS(τ + T )v − AS(τ)v,S(τ + T )v − S(τ)v〉dτs
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t∫
s
〈
k
(
S(τ + T )v − S(τ)v), S(τ + T )v − S(τ)v〉dτ
= 1
2
∥∥S(s + T )v − S(s)v∥∥22 (17)
for every t  s  0 and v ∈ W 1p(Rn). Using (16) and (17), we find
t
2
∥∥S(t + T )θm − S(t)θm∥∥22
+
t∫
0
t∫
s
〈
AS(τ + T )θm − AS(τ)θm,S(τ + T )θm − S(τ)θm
〉
dτ ds
+
t∫
0
t∫
s
〈
k
(
S(τ + T )θm − S(τ)θm
)
, S(τ + T )θm − S(τ)θm
〉
dτ ds
 T
2
2
c
(‖B‖1,p), (18)
where t  s  0 and ‖B‖1,p = supv∈B ‖v‖1,p .
By Lemma 2 and compact embedding theorems, we have
lim
m→∞
t∫
s
〈
AS(τ)θm − AS(τ)θ,ϕr
(
S(τ)θm − S(τ)θ
)〉
dτ = 0
and consequently
lim
m→∞
t∫
s
∥∥S(τ)θm − S(τ)θ∥∥pW 1p(B(0,r)) dτ = 0, (19)
which yields
lim inf
m→∞
t∫
0
t∫
s
(
AS(τ + T )θm − AS(τ)θm,S(τ + T )θm − S(τ)θm
)
dτ ds

t∫
0
t∫
s
〈
AS(τ + T )θ − AS(τ)θ, S(τ + T )θ − S(τ)θ 〉dτ ds. (20)
As since as k(·) ∈ L∞(Rn), from (16) and (17) we have
t∫
s
∥∥S(τ + T )v − S(τ)v∥∥p1,p dτ  T 2c(‖B‖1,p), ∀v ∈ B,
and taking into account the last inequality and (19), we obtain
608 A.Kh. Khanmamedov / J. Math. Anal. Appl. 316 (2006) 601–615lim inf
m→∞
t∫
0
t∫
s
〈
k
(
S(τ + T )θm − S(τ)θm
)
, S(τ + T )θm − S(τ)θm
〉
dτ ds

t∫
0
t∫
s
〈
k
(
S(τ + T )θ − S(τ)θ), S(τ + T )θ − S(τ)θ 〉dτ ds. (21)
Also, taking into account (17), (20) and (21) in (18), we have
t
2
∥∥S(t + T )θm − S(t)θm∥∥22 − t2
∥∥S(t + T )θ − S(t)θ∥∥22  T 2c(‖B‖1,p),
which together with Lemma 1 yields (15). 
Lemma 4. Assume conditions (3) and (4) hold. Let B be a bounded subset of W 1p(Rn),
tm → ∞, {τm}∞m=1 ⊂ [0, T ] and {θm}∞m=1 ⊂ B . Then for any ε > 0 there exists r0 =
r0(ε, T ) such that whenever r  r0,∥∥S(tm + τm)θm − S(tm)θm∥∥W 1p(Rn\B(0,r))  ε. (22)
Proof. Since B is bounded, by (7) we have supt0 supθ∈B ‖S(t)θ‖1,p < ∞. Therefore,
there exists a bounded subset B0 of W 1p(Rn) such that S(t)θ ∈ B0, for every t  0 and
θ ∈ B . Thus {S(tm + τ)θm − S(tm)θm}∞m=1 has a subsequence bk := S(tmk + τ)θmk −
S(tmk )θmk weakly converging in W 1p(Rn) to an a ∈ W 1p(Rn). From Lemma 3 we have that,
if {ϕν}∞ν=1 ⊂ B0 and ϕν → ϕ weakly inH, then for any ε > 0 there exist a T0 = T0(ε, τ,B0)
such that
lim sup
ν→∞
∥∥S(T0 + τ)ϕν − S(T0)ϕν − S(T0 + τ)ϕ + S(T0)ϕ∥∥2  ε. (23)
For tmk  T0, since S(tmk − T0)θmk ∈ B0, there is a subsequence {kν} such that
{S(tmkν − T0)θmkν } weakly converges to some ϕ in W 1p(Rn). Then by Lemma 2, the
sequence bkν := {S(T0 + τ)S(tmkν − T0)θmkν − S(T0)S(tmkν − T0)θmkν } weakly con-
verges to S(T0 + τ)ϕ − S(T0)ϕ in W 1p(Rn). Hence from the uniqueness of the limit
we find that a = S(T0 + τ)ϕ − S(T0)ϕ. Taking ϕν = S(tmkν − T0)θmkν in (23), we ob-
tain lim supν→∞ ‖bkν − a‖2  ε and consequently lim infk→∞ ‖bk − a‖2 = 0. In other
words, the sequence {S(tm + τ)θm − S(tm)θm}∞m=1 has a subsequence strongly conver-
gent in L2(Rn) and consequently the sequence {S(tm + τm)θm − S(tm)θm}∞m=1 also has
a subsequence strongly convergent in L2(Rn). It can be seen in a similar way that every
subsequence of {S(tm + τm)θm − S(tm)θm}∞m=1 has a subsequence strongly convergent in
L2(Rn). Thus the set {S(tm + τm)θm − S(tm)θm}∞m=1 is relatively compact in L2(Rn) and
consequently for any ε > 0 there exists r0 = r0(ε, T ) such that whenever r  r0,∥∥S(tm + τm)θm − S(tm)θm∥∥L2(Rn\B(0,r))  ε (24)
for every m. On the other hand, from (1), (9) and (10) we have that for every v ∈ W 1p(Rn),
∂
S(t)v ∈ L∞
(
δ,∞;L2
(
Rn
))
,
∂2
2 S(t)v ∈ Lp′
(
0, T ;W−1
p′
(
Rn
))
,
∂t ∂t
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∂t
S(t)v,ψ) is continuous on [δ, ∞), for every w ∈ L2(Rn) and
δ > 0 (see, for example, [21, Lemma 8.1, p. 275]), i.e., ∂
∂t
S(t)v has a trace in L2(Rn) for
every t > 0. Then multiplying the equality
∂
∂t
(
S(tm + τm)θm − S(tm)θm
)+ AS(tm + τm)θm − AS(tm)θm
= kS(tm + τm)θm − kS(tm)θm
by (1 − ϕr)(S(tm + τm)θm − S(tm)θm) and taking into account (24), we get inequal-
ity (22). 
Let S0(t) denote the semigroup generated by problem
u˜t −
n∑
i=1
∂
∂xi
(|u˜xi |p−2u¯xi )+ λ|u˜|p−2u˜ + f (x, u˜) − k(x)u˜ = 0, (t, x) ∈ R+ × Rn,
u˜(0, x) = u0(x), x ∈ Rn.
We now establish the estimate for S0(t).
Lemma 5. Assume conditions (3) and (4) hold. Let B be a bounded subset of W 1p(Rn).
Then
t∫
0
∥∥∣∣S0(τ )θ ∣∣ 2p−2p ∥∥p1,p dτ  c(‖B‖1,p), ∀t  0, (25)
for every θ ∈ B .
Proof. By (7), we obtain that
t∫
0
∥∥∥∥ ∂∂t
(
S0(τ )θ
)∥∥∥∥
2
2
dτ  c
(‖B‖1,p), ∀t  0, (26)
for every θ ∈ B . Now let us consider the following elliptic problem:
−
n∑
i=1
∂
∂xi
(|wxi |p−2wxi )+ λ|w|p−2w + f (x,w) − k(x)w = h(x), x ∈ Rn, (27)
where h ∈ L2(Rn) ∩ W−1p′ (Rn). Let hm ∈ C∞0 (Rn), such that hm → h in L2(Rn) ∩
W−1
p′ (R
n) and let wn is the solution of
−
n∑
i=1
∂
∂xi
(∣∣(wm)xi ∣∣p−2(wm)xi )+ λ|wm|p−2wm + f (x,wm) − k(x)wm = hm(x).
(28)
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show that wm ∈ L∞(Rn). So |wm|p−2wm ∈ L2(Rn), and multiplying both sides of (28) by
|wm|p−2wm, we obtain
n∑
i=1
∥∥∥∥ ∂∂xi |wm|
2p−2
p
∥∥∥∥
p
p
+ λ∥∥|wm| 2p−2p ∥∥pp  c‖hm‖22, (29)
from which follows that there is a subsequence {wmν } such that
|wmν |
2p−2
p → v weakly in Lp
(
Rn
)
,
∂
∂xi
|wm|
2p−2
p → ∂
∂xi
v weakly in Lp
(
Rn
)
,
which together with
wn → w strongly in W 1p
(
Rn
)
yields v = |w|(2p−2)/p , and consequently from (29) we have the following estimate for the
solution of (27):
n∑
i=1
∥∥∥∥ ∂∂xi |w|
2p−2
p
∥∥∥∥
p
p
+ λ∥∥|w| 2p−2p ∥∥p
p
 c‖h‖22.
The last inequality and (26) give us (25). 
Lemma 6. Assume the conditions (3)–(4) are satisfied, and B is a bounded subset of
W 1p(R
n). Then for any ε > 0 there exists r0 = r0(ε,B) such that whenever r  r0 and
t > 0,
1
t
t∫
0
∥∥S(τ)θ − S0(τ )θ∥∥pW 1p(Rn\B(0,r)) dτ  ε (30)
for every θ ∈ B .
Proof. Let θ ∈ B , u(t) = S(t)θ , u˜(t) = S0(t)θ and v(t) = u(t) − u˜(t). Then multiplying
both sides of equality
vt +
n∑
i=1
∂
∂xi
(|uxi |p−2uxi − |u˜xi |p−2u¯xi )+ λ(|u|p−2u − |u˜|p−2u˜)
+ f (x,u) − f (x, u˜) + k(x)u˜ = g(x)
by (1 − ϕr)v and integrating over (0, t) × Rn, we have
∥∥(1 − ϕr)1/2v(t)∥∥22 +
t∫
0
∥∥v(τ)∥∥p
W 1p(R
n\B(0,2r)) dτ
 c
(‖B‖1,p)
[
‖k‖
p
p−2
L p
p−2
(Rn\B(0,r)) + ‖g‖p
′
Lq(Rn\B(0,r)) +
1
r
]
t, ∀t  0,
which yields (30). 
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W 1p(R
n). Then the set
⋃
t0 S(t)B is relatively compact in W 1p(B(0, r)).
Proof. Let {S(tm)θm}∞m=1 ⊂
⋃
t0 S(t)B . Since by (7) the set {S(tm)θm}∞m=1 is bounded in
W 1p(R
n), from Sobolev compact embedding theorems we have that the set {ϕrS(tm)θm}∞m=1
is relatively compact in Lp(Rn) and L2(Rn). Thus there exists a subsequence
{ϕrS(tmν )θmν }∞ν=1, which converges strongly in Lp(Rn) and L2(Rn). From (5) we have〈
AS(tmν )θmν − AS(tmµ)θmµ,ϕrS(tmν )θmν − ϕrS(tmµ)θmµ
〉

∥∥kS(tmν )θmν − kS(tmµ)θmµ∥∥2∥∥ϕrS(tmν )θmν − ϕrS(tmµ)θmµ∥∥2
+
∥∥∥∥ ∂∂t S(tmν )θmν − ∂∂t S(tmµ)θmµ
∥∥∥∥
2
∥∥ϕrS(tmν )θmν − ϕrS(tmµ)θmµ∥∥2
and consequently∥∥S(tmν )θmν − S(tmµ)θmµ∥∥W 1p(B(0,r))
 c3
(‖B‖1,p)∥∥ϕrS(tmν )θmν − ϕrS(tmµ)θmµ∥∥2
+ 1
r
c4
(‖B‖1,p)∥∥ϕrS(tmν )θmν − ϕrS(tmµ)θmµ∥∥p,
which gives relative compactness of the set
⋃
t0 S(t)B in W 1p(B(0, r)). 
Now, based on the results established above, we can prove the asymptotic compactness
of S(t), which is included in the following theorem.
Theorem 1. Assume the conditions (3)–(4) are satisfied, and B is a bounded subset of
W 1p(R
n). Then
(i) the set {S(tm)θm}∞m=1 is relatively compact in Lnp/(n−p)(Rn), if n > p;
(ii) the set {S(tm)θm}∞m=1 is relatively compact in L∞(Rn), if n p,
where tm → ∞ and {θm}∞m=1 ⊂ B .
Proof. (i) Let n > p and B0 =⋃t0 S(t)B . By (7), we have B0 is a bounded subset of
W 1p(R
n). From (25) it follows that
t∫
0
∥∥S0(τ )θ∥∥2(p−1)2(p−1)n
n−p
dτ  c
(‖B0‖1,p), ∀t  0, (31)
for every θ ∈ B0. On the other hand, from interpolation theorems we have∥∥S0(τ )θ∥∥ pn  c∥∥S0(τ )θ∥∥1−s2(p−1)n ∥∥S0(τ )θ∥∥sp, (32)
n−p n−p
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n(p−2)+p2 . From (31)–(32) and (7) we obtain
t∫
0
∥∥S0(τ )θ∥∥ppn
n−p
dτ  c
(‖B0‖1,p)t1− p(1−s)2(p−1) , ∀t  0, (33)
for every θ ∈ B0. The last inequality together with (30) yields that for every ε > 0 there
exist r0 = r0(ε,B0) and T0 = T0(ε,B0) such that whenever r  r0 and t  T0
1
t
t∫
0
∥∥S(τ)θ∥∥p
L pn
n−p (R
n\B(0,r)) dτ  ε,
for every θ ∈ B0, and consequently there is a sequence {τm}∞m=1 ⊂ [0, T0] such that∥∥S(τm + tm)θm∥∥pL pn
n−p (R
n\B(0,r))  ε. (34)
From (22), (34) and Lemma 7 we obtain relative compactness of the set {S(tm)θm}∞m=1 in
Lnp/(n−p)(Rn).
(ii) Let n p. Since in the case n < p the theorem follows from embedding W 1p(Rn) ⊂
L∞(Rn), we present the proof for n = p. In this case by repeating above procedure, we
obtain that the set {S(tm)θm}∞m=1 is relatively compact in Lq(Rn) for every q > p. Let q ′0 =
q0
q0−1 and choose q such that q > q
′
0,
q−2
2p > 1 and
q−q ′0
pq ′0
> 1. Also let um(x) = S(tm)θm
and ϕm(x) = max{um(x) − r,0}. From (1) we have
−
n∑
i=1
∂
∂xi
(∣∣(um)xi ∣∣p−2(um)xi )+ λ|um|p−2um + f (x,um)
= g(x) − ∂
∂t
S(tm)θm. (35)
Multiplying (35) by ϕm(x) and integrating over Rn, we have
‖ϕm‖p1,p  c1
(‖B0‖1,p)‖ϕm‖2 + c2‖ϕm‖q ′0, m = 1,2, . . . .
Letting Amr = {x: x ∈ Rn, um(x) r} and using the last inequality, we obtain
‖ϕm‖p1 
(
mesAmr
) p(q−1)
q ‖ϕm‖pq 
(
mesAmr
) p(q−1)
q c‖ϕm‖p1,p
 c1
(‖B0‖1,p)(mesAmr ) p(q−1)q ‖ϕm‖q(mesAmr ) (q−2)2q
+ c2‖ϕm‖q
(
mesAmr
) p(q−1)
q
(
mesAmr
) q−q′0
qq′0
 c3
(‖B0‖1,p)‖um‖1,p[(mesAmr )p(1+δ1) + (mesAmr )p(1+δ2)], (36)
where δ1 = q−22pq − 1q and δ2 =
q−q ′0
pqq ′0
− 1
q
. Since
mesAmr 
1 ‖um‖pp
rp
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‖ϕm‖1  c
(‖B0‖1,p, r0)(mesAmr )(1+δ) (37)
for every r  r0 > 0 and m = 1,2, . . . . Applying Lemma 5.1 from [22] to (37), we have
um(x) r0 + 1 + δ
δ
[
c
(‖B0‖1,p, r0)] 11+δ
[ ∫
Amr0
(um − r0) dx
] δ
1+δ
 c
(‖B0‖1,p, r0, δ) for a.e. x ∈ Rn and m = 1,2, . . . . (38)
Since vm(x) = −um(x) is the solution of the equation similar to (35) repeating the above
procedure, we obtain
vm(x) c
(‖B0‖1,p, r0, δ) for a.e. x ∈ Rn and m = 1,2, . . . ,
which together with (38) yields um ∈ L∞(Rn) and supm ‖um‖∞ < ∞.
Similarly letting ϕmk(x) = max{um(x) − uk(x) − r,0}, we get
‖ϕmk‖1  c
(‖B0‖1,p)(mesAmkr )(1+ν)‖ϕmk‖1/pq
 c
(‖B0‖1,p)(mesAmkr )(1+ν)‖um − uk‖1/pq , (39)
where Amkr = {x: x ∈ Rn, um(x) − uk(x)  r} and ν = q−22pq − 1q . Applying Lemma 5.1
from [22] to (39), we have
um(x) − uk(x)
 r0 + 1 + δ
δ
[
c
(‖B0‖1,p)] 11+δ ‖um − uk‖ 1p(1+δ)q
[ ∫
Amkr0
(um − uk − r0) dx
] δ
1+δ
 r0 + c
(‖B0‖1,p, r0, δ)‖um − uk‖ 1p(1+δ)q for a.e. x ∈ Rn,
and consequently
‖um − uk‖∞  r0 + c
(‖B0‖1,p, r0, δ)‖um − uk‖ 1p(1+δ)q (40)
for every r0 > 0. Since as mentioned above the set {um}∞m=1 is relatively compact in
Lq(R
n), from (40) follows that this set is relatively compact in L∞(Rn). 
Let
A=
⋂
τ0
[⋃
tτ
S(t)B
]
,
where [·] is the weak closure in W 1p(Rn) andB is from Lemma 1.
Now we can prove our main result.
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(i) A is a global (L2(Rn), Lnp/(n−p)(Rn))-attractor of S(t), if n > p;
(ii) A is a global (L2(Rn), L∞(Rn))-attractor of S(t), if n p.
Proof. To prove the invariantness of A let us first show that
ϕ ∈A ⇒ ∃tm → ∞ and ∃{θm}∞m=1 ⊂B such that
S(tm)θm → ϕ weakly in W 1p(Rn). (41)
Let n > p (the proof is similar in the case n p). From Theorem 1 we have that for any
ε > 0 there exist tε > 0 and rε > 0 such that∥∥∥∥ ⋃
ttε
S(t)B
∥∥∥∥
L pn
n−p (R
n\B(0,rε))
 ε
3
.
On the other hand, by Lemma 7 the set
⋃
ttε S(t)B is relatively compact in W
1
p(B(0, rε)).
Then, since ϕ ∈ [⋃ttε S(t)B], there exists ψε ∈ ⋃ttε S(t)B such that we have‖ϕ − ψε‖pn/(n−p)  ε. Consequently there exist tm → ∞ and {θm}∞m=1 ⊂ B such that
S(tm)θm → ϕ strongly in Lpn/(n−p)(Rn). Taking into account boundedness of the se-
quence {S(tm)θm}∞m=1 in W 1p(Rn), we obtain (41).
Since by Lemma 2 the operator S(t) is weakly continuous in W 1p(Rn), from (41) we
find that S(t)A=A for every t  0. The attracting property of A follows from Lemma 1
and Theorem 1. 
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